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Abstract
We consider the propagation of acoustic waves in a one-dimensional periodic two-
component material. We derive an explicit formula for the group velocity and determine
its minimum value. We provide accurate asymptotic formulas for the minimum group
velocity as a function of the properties of the constituent materials when the concen-
tration of scatterers is small or the characteristic impedances of the two media differ
substantially. We show that considerable slowdown of the group velocity is caused
not by resonant phenomena or localization but rather by very strong scattering and
destructive interference of the waves.
Introduction
Periodic media offer a great deal of possibilities for manipulating wave propagation. The
spectrum of propagating frequencies consists of closed intervals which may not overlap,
creating intervals of frequencies not supported by the medium. While propagating waves
do not exist in the frequency gaps, the character of waves in the bands can be essentially
different in terms of their direction, speed, and amplitude of propagation. One example of
such a highly dispersive medium represents a fluid containing a periodic lattice of scatterers.
Propagation of acoustic waves in such media through a lattice of air bubbles or cylinders of
air has been studied numerically [1, 2, 3, 4, 5, 6, 7], along with some analytical approaches
[8, 9, 10, 11] and more complicated geometries [12, 13, 14].
A related one-dimensional model of the phenomenon, however, to our knowledge has
never been considered. In this Letter we develop such a model that allows one to obtain
some exact explicit asymptotic results and helps fully understand the phenomenon of multiple
scattering in such media.
We consider the propagation of acoustic waves through a one-dimensional periodic medium
with period ℓ consisting of two materials with mass densities ̺∓ and wave speed c∓ when
nℓ < x < nℓ + δ and nℓ + δ < x < (n + 1)ℓ, n ∈ Z, respectively. Assuming that the excess
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pressure p(x, t) is time-harmonic p(x, t) = u(x)e−iωt, the amplitude u(x) of acoustic wave
satisfies the equation
d2u−
d x2
+ k2−u
− = 0, nℓ < x < nℓ + δ, (1)
d2u+
d x2
+ k2+u
+ = 0, nℓ + δ < x < (n + 1)ℓ, (2)
subject to the boundary conditions across all the interfaces {nℓ} and {nℓ+ δ}:
u− = u+,
1
̺+
u+x =
1
̺−
u−x , (3)
where k± =
ω
c±
. We are looking for the Floquet solutions of (1)-(3) satisfying the condition
eiκxu is periodic with the period ℓ, (4)
where κ is the wavenumber.
We write the transfer matrices Mα,β for all intervals (α, β) within the period (0+, ℓ+) as
well as for the interfaces x = δ and x = ℓ:
M0+,δ− =

 cos k−δ sin k−δk−
−k− sin k−δ cos k−δ

 , (5)
Mδ
−
,δ+ =

 1 0
0
̺+
̺−

 , (6)
Mδ+,ℓ− =

 cos k+(ℓ− δ) sin k+(ℓ− δ)k+
−k+ sin k+(ℓ− δ) cos k+(ℓ− δ)

 , (7)
Mℓ
−
,ℓ+ =

 1 0
0
̺−
̺+

 . (8)
Then the transfer matrix M0+.ℓ+ over the period (0+, ℓ+) becomes
M0+,ℓ+ = Mℓ−,ℓ+Mδ+,ℓ−Mδ−,δ+M0+,δ−. (9)
Problem (1)-(4) has a nontrivial solution if and only if e±iκℓ is an eigenvalue of M0+.ℓ+ .
We will assume that ℓ = 1. The eigenvalues λ of M0+.ℓ+ are determined from the char-
acteristic equation
λ2 − 2λ
(
cos
(1− δ)ω
c+
cos
ωδ
c−
−
1
2
(
c+̺+
c−̺−
+
c−̺−
c+̺+
)
sin
(1− δ)ω
c+
sin
ωδ
c−
)
+ 1 = 0 (10)
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Let us denote the middle term in the left hand side of (10) by −2λF and substitute λ = eiκ.
Then (10) can be written as
e2iκ − 2F eiκ + 1 = 0. (11)
When κ is real, equating to zero the real and imaginary parts of the equation above we
obtain
cosκ = F. (12)
This equation provides the necessary and sufficient condition on κ for which problem (1)-(4)
has a nontrivial solution. From here we can find the group velocity cg =
∂ω
∂κ
:
cg = −
sin κ
∂F
∂ω
. (13)
Denoting
t+ =
δ
c−
+
1− δ
c+
, t− =
1− δ
c+
−
δ
c−
, (14)
σ =
1
2
(
c+̺+
c−̺−
+
c−̺−
c+̺+
)
, (15)
the group velocity (13) takes the form
cg = 2
√
1− 1
4
((1 + σ) cosωt+ + (1− σ) cosωt−)
2
(1 + σ) t+ sinωt+ + (1− σ) t− sinωt−
. (16)
Equal impedances
If the characteristic impedances of the two media are equal, c+̺+ = c−̺−, then formula (16)
gives cg = t
−1
+ . This means that the group velocity coincides with the velocity of a wave that
propagates through the interval (0, δ) with the speed c− and over the interval (δ, 1) with the
speed c+ without slowing down or acceleration. From (10) we have
F = cos
(
δ
c−
+
1− δ
c+
)
ω (17)
and
κ =
(
δ
c−
+
1− δ
c+
)
ω. (18)
Then the group velocity cg, the phase velocity cph =
ω
κ
, and the average speed of propagation
〈c〉 are all coincide and are equal to
〈c〉 =
(
δ
c−
+
1− δ
c+
)−1
. (19)
Here, waves propagate without reflection and the speed does not depend on the wave fre-
quency.
3
Small scatterers
Let us find an approximation of the eigenvalues λ of the transfer matrix when δ ≪ 1. We
approximate (10) by
λ2 − λ
(
2 cos k+ −
c+̺+
c−̺−
ωδ
c−
sin k+
)
+ 1 = 0. (20)
Then
λ = eiκ = eik+
(
1 +
i
2
c+̺+
c−̺−
ωδ
c−
)
+O
(
δ2
)
. (21)
and
κ =
ω
c+
(
1 +
1
2
̺+
̺−
(
c+
c−
)2
δ +O
(
δ2
))
. (22)
Expression (22) allows us to find the group velocity cg (which coincides with the phase
velocity in this approximation)
cg = c+
(
1−
1
2
̺+
̺−
(
c+
c−
)2
δ +O
(
δ2
))
, δ ≪ 1. (23)
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Figure 1: Dependence of the normalized group velocity of a one-dimensional periodic acoustic
waveguide consisting of air layers in water as a function of the volume fraction δ of air. The
solid red line corresponds to exact velocity (13), while the blue dashed line corresponds to
the linear approximation (23).
The coefficient in front of δ in (23) can be huge in magnitude for soft scatterers that
results in a dramatic group velocity reduction even for a tiny concentration of the scatterers.
Such an example is shown in Figure 1 where an acoustic wave with frequency ω = 10 s−1
propagates through a periodic waveguide consisting of layers of the air (̺− = 1.3 kg/m
3,
4
c− = 340m/s) of width δ followed by a layer of water (̺+ = 1000 kg/m
3, c+ = 1400m/s).
The solid red line shows the exact value of the group velocity (16) while the blue dashed
line corresponds to the linear approximation by (23) for very small concentration of the air.
A similar result is valid for two and three-dimensional periodic media [15] as well as for the
random waveguide [16].
Highly mismatched impedances
When the characteristic impedances of the two media differ substantially, i.e. σ ≫ 1 then
the group velocity away from the points δ = 0 and δ = 1 is approximated by
cg =
√
c+ c−
2 δ (1− δ) σ
, (24)
provided both t+, t− ≪ 1. The minimum of (24) is attained at δ =
1
2
and does not depend
on ω. Using (15) we have
min cg = 2
(
c+ c−
c+̺+
c
−
̺
−
+ c−̺−
c+̺+
) 1
2
. (25)
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Figure 2: Dependence of the normalized group velocity of a one-dimensional periodic acoustic
waveguide on the volume fraction δ of the scattering medium. The top solid black line cor-
responds to equal impedances of the two media. Every subsequent curve below corresponds
to a tenfold decrease of the impedance of the scattering medium. The wave frequency for
each curve is chosen in such a way to be in the middle of the first band for δ = 0.5.
Graphs of the group velocities for different ratios of the impedances are shown in Figure 2
where the top black solid curve corresponds to a periodic acoustic medium comprised of the
scattering acoustic material with c− = 1000 m/s, ̺− = 2000 kg/m
3 and the volume fraction
δ in the host medium with c− = 2000 m/s and ̺− = 1000 kg/m
3. The speed of propagation
for matched impedances is given by (19). Every subsequent curve below corresponds to a
5
tenfold decrease of the density ̺− while other parameters are kept the same. To avoid con-
fusion with band-edge effects, the frequencies of waves propagation were chosen in the center
of the first band for δ = 0.5 and are equal 1200, 400, 130, and 40 s−1, respectively. On the
other hand, similar graphs for a fixed frequency ω = 10 s−1 are practically indistinguishable.
1 10 102 103 104
0
0.2
0.4
0.6
0.8
1
σ
m
in
c g
/c
+
Figure 3: Dependence of the normalized minimum group velocity min cg on the impedance
contrast σ (15) when ω = 10s−1 and δ = 0.5 in a one-dimensional periodic waveguide. The
solid red line corresponds to the exact value cg given by (16). The blue circles represent the
asymptotic formula (25).
Finally, we are verifying formula (25). The solid red line in Figure 3 corresponds to
the exact value of the minimal group velocity given by (16) while the blue circles represent
the asymptotic formula (25). The one-dimensional model considered above agrees with the
numerical results obtained in two and three-dimensional cases [2, 3, 4, 5, 15]. Unlike slowing
down around inflection points of the dispersion curve in [17], in our case slowing down
happens for a wide frequency range in the first band ((25) is frequency independent). Thus,
the slowing down cannot be explained by the resonant phenomenon or localization [2] (the
former occurs only at specific frequency while the latter cannot occur at low frequencies for
the wave equation) but rather by very strong scattering and destructive interference of the
waves.
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